We present a nontrivial extension to Bose's method for the construction of Steiner triple systems, generalizing the traditional use of commutative and idempotent quasigroups to employ a new algebraic structure called a 3-triangulation. Links between Steiner triple systems and 2-(v,3,3) designs via 3-triangulations are also explored.
Let G be a 3-oriented simple graph. A path P in G through the vertices x 0 ; : : :; x n , n 1, is denoted by P = x 0 ; x 1 1 : : : ; x n n where 1 ; : : :; n 2 f1;?1;0g, if and only if P uses the edges (x 0 ; x 1 ) 1 ; : : : ; (x n?1 ; x n ) n . When P is a cycle we write P = (x 0 0 ; x 1 1 : : : ; x n?1 n?1 ), with 0 = n . If 0 + 1 + : : : + n?1 0 mod for some > 0, P is -balanced. A twofactor of G in which all cycles are -balanced is -balanced. As we soon see, 3-balanced triangulations of a 3-oriented simple graph are closely related to Steiner triple systems.
The graph with v vertices in which each pair of vertices is joined by three parallel edges is denoted by 3K v , and 3K v denotes the 3-oriented simple graph with v vertices in which each pair x and y of vertices is joined by a positive, a negative, and a null oriented edge from x to y. For both graphs, the vertex sets V (3K v ) = V (3K v ) = f0;1;:::;v ? 1g.
A generalization of Bose's method
Bose's method 1] is one of the most important and well known paradigms in design theory. Our objective is to develop a natural generalization.
Theorem 2.1 Every 3-balanced triangulation of 3K v yields an STS(3v).
Proof: Let Making the change of variable k = (j + b ) mod 3, and applying the fact that a + b + c 0 mod 3, we nd that A 0 T = A T . The other representations of T produce the same set.
We claim that (X; A) with A = A 1 S ( S T 2T A T ) is an STS(3v). In fact, let B = f(a;i);(b;j)g be a two-subset of X; if a = b then f(a;0);(a;1);(a;2)g is the unique block in A containing B; otherwise B is contained in exactly one of the blocks in A T where T is the unique triangle in T containing the edge (a; b) (j?i) mod 3 .
Bose's method builds Steiner triple systems using a special type of 3-balanced triangulations of 3K v . A Bose triangulation is a 3-balanced triangulation of 3K v such that each of its triangles can be expressed as (a 0 ; b 1 ; c ?1 ) for appropriate elements a; b; c 2 f0;:::;v ?1g.
A latin square of order n is an n n array, each cell of which contains exactly one of the symbols in f0;:::;n?1g, such that each row and each column of the array contains the symbols in f0;:::;n ? 1g exactly once. A quasigroup of order n is a pair (Q; ), where Q is a set of size n and is a binary operation on Q such that for every pair of elements a; b 2 Q, the equations a x = b and y a = b have unique solutions. The tabular representation of a quasigroup of order n is a latin square of order n. T 7 = f f0 0 ; When this triangulation is used in the construction of Theorem 2.1 we get an STS(21) isomorphic to the following, reading columns as triples:
A direct analysis shows that it is anti-Pasch. It is well known (see 4]) that Bose's method does not produce an anti-Pasch STS(21), so our extension is not trivial.
3-triangulations
In the same way that Bose's method can be formulated in terms of commutative and idempotent quasigroups, the construction given in Theorem 2.1 can be stated by using 3-triangulations, algebraic structures that generalize quasigroups.
A 3-triangulation of order v > 0 is a pair = (C; ) where C is a set with cardinality v and is a binary, closed, commutative and idempotent operation over C such that for every pair of distinct elements a; b 2 C the equations a x = b (1) b y = a (2) with unknowns x and y, satisfy one and only one of the conditions:
1. There are exactly two solutions for x and none for y.
2. There are exactly two solutions for y and none for x.
3. There is exactly one solution for x and one for y.
Every commutative and idempotent quasigroup is a 3-triangulation. One example of 3-triangulation which is not a quasigroup is the pair (f0; : : :; 6g; ) where is the operation shown in Figure 2 . This is the 3-triangulation used to generate the STS(21) given in Section 2. An edge in B is positive if it satis es Condition 1; otherwise it is negative. Figure 4 depicts the Bose graph of the 3-triangulation in Figure 2 . In this case the graph is a cycle. There are 3-triangulations with a remarkable structure producing anti-Pasch Steiner triple systems. The example in section 2 exhibits interesting symmetry; we have examined 3-triangulations with similar structure in 3]. This also enables us to deal with the di cult problem of deciding the signability of 3-triangulations.
